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2ble. However, one quantity is most appropriate to ob-
tain information about the dynamics and is nowadays
measured routinely: It is the so-called autocorrelation
function


























and the initial state. Here, the coeÆcients  
n
denote
the probability amplitudes of the initial state in the




While so far the autocorrelation function has served
as a tool for observing the dynamics, our goal is to use
its intrinsic features to perform computational tasks.
In particular, we show that autocorrelation functions
can reveal prime factors of an appropriately encoded
number.
For this purpose, we consider a wave packet which
is localized in energy space around a quantum number
n, that is, the coeÆcients  
n
assume only signicant
values in a small vicinity of n = n. This feature allows































around n. Here we have assumed that the spectrum is
smooth and dense. Moreover, we have omitted higher
order terms.
The approximation, Eq. (3), is valid for smooth po-
tentials and a narrow energy distribution of the wave
packet. To be specic, we consider the sodium dimer
Na
2
. Here a proper laser pulse lifts the vibrational












potential curve of the excited electronic state the wave
packet is no longer the ground state, but has a small
spectral width around a mean value E
n
. Indeed, in
this case third order terms can be neglected [18].
To study the wave packet dynamics, Eq. (2), we use















Here we have introduced the classical period T
cl
and
revival time T .

























FIG. 1: Factorization based on the autocorrelation func-
tion of a wave packet: a \guess-the-factors riddle". We





autocorrelation function, dened in Eq. (6), as a function
of dimensionless time  in the vicinity of various integers
` = 2; 3; 5 : : :. The autocorrelation function has a symmet-
ric maximum at an integer, that is at the origin of each
horizontal axis, provided this integer is a factor of N . In
the present case we clearly recognize 5 and 11 as factors of
N = 55. The width of the initial wave packet is m = 10.







. Moreover, we have
extended the lower bound of the sum to  1, since in




3B. An allusion to factorization
In order to demonstrate the ability of the autocor-
relation function to factorize a number, we start from









and x the ratio N  T=T
cl
to an integer. In this case,





















for dimensionless time   t=T
cl
.
The sum Eq. (6) is already the key to factorization,
although it might not be obvious at this moment. In
order to bring this latent capability to light, we fo-





autocorrelation function for N = 55. We show this
quantity for times  in the vicinity of prime numbers
`. Only if ` is a factor of N the function displays a
clear symmetric maximum.
The phenomenon of fractional revivals [18] lies at
the heart of this feature. It is well-known that wave
packets can show revivals at multiples of the time T
and fractional revivals at times t =
p
q
T with p and q
being mutually prime integers. In our case, this fact
implies that at integer multiples of T
cl
| or in other
words for integers  | we nd a fractional revival
of the wave packet, that is, a symmetric sequence of
Gaussian shaped humps. A detailed analysis of this
structure [6] brings to light that in most cases neigh-
boring Gaussians overlap and interfere. For this rea-
son, at most times no distinguished revivals appear.
Only for times  equal to a factor of N the peaks are
sharp enough so that the central peak does not overlap
with its neighbors and reveals a clear maximum.
III. QUANTUM ROTOR
The crucial point in our factorization scheme is the
interference of quadratic phase factors. In the previous
section, they were the consequence of an anharmonic
potential. But quadratic phase factors even appear
for a free particle with a continuous energy spectrum.
However, in order to encode integers we need a dis-
crete one. Such a spectrum can be achieved, for ex-
ample, by periodic boundary conditions. A diatomic
molecule rotating perpendicular to its molecular axis
is one example of such a quantum rotor.
A. Time evolution
In order to lay the foundations for the factoriza-
tion scheme presented in this section we rst briey
review the essential properties of the one-dimensional
quantum rotor. Then we derive the corresponding au-
tocorrelation function.











J of the angular momentumand the
moment of inertia I. Periodic boundary conditions
enforce a discrete spectrum of
^
J with eigenstates jki
and eigenvalues ~k with k 2Z.























of the quantum rotor.
We model an initially well-localized wave packet us-







N for 0  k < N
0 otherwise
; (9)

















for the autocorrelation function. Here we have intro-
duced the revival time T  4I=~.
Again quadratic phases appear. However, the linear
term present in the expression Eq. (6) is absent.
B. Factorization
In order to bring out most clearly the number N to


















with n  N
t
T
2 Z. We emphasize that only for in-





with period N .






for n = 1
to N , with N = 21 and N = 15, respectively. We
recognize dominant maxima for values of n whenever
n and N share a common factor. The appearance of
these maxima already indicates that a sum of only
quadratic phases allows us to nd prime factors of N .
We can even go a step further and concentrate





Fig. 2(b) and (c) for N = 21, and (e) and (f) for
N = 15, respectively. It is remarkable that for N = 21
only numbers which share a common factor withN ap-
pear in the imaginary part, Fig. 2(c), whereas all the
other ones vanish. This is not the case for N = 15,
where only one factor and its multiples appear in the
real part, Fig. 2(e).
4FIG. 2: Autocorrelation functions of the quantum rotor for N = 21 (left column) and N = 15 (right column). From top




, Eq. (11). For N = 21 only multiples of both factors
3 and 7 show non-zero imaginary parts. For N = 15 only multiples of the factor 3 yield a non-zero real part.
C. Gau sums
We recognize that the autocorrelation function,















Therefore, the structures found in Fig. 2 result from
the intrinsic properties of Gau sums. In order to
highlight this connection, we rst briey review the
properties of Gau sums and then apply the results to
the autocorrelation function Eq. (11).
For odd b and mutually prime a and b the sum can























expresses the number-theoretical complexity of the
quadratic sum and which can take on the values 1.
A closer look at Fig. 2 reveals that the emergence
of factors in either the real or imaginary part depends
strongly on the representation of the factors as 4s+ 1
or 4s+ 3 with s being a non-negative integer. Indeed,
all odd numbers r are either of the form 4s + 1 or








 fr j r = 4s+ 3g : (15)
For the case b 2 M
1
the sum G(a; b) is purely real.

































which is purely imaginary.






is independent of the value of a, provided that a and
b are mutually prime.
5D. An explanation of the patterns
With the help of these properties of the Gau sum





(n) = G(n;N ) (19)
apparent in Fig. 2 to the factors p and q of N . Here
we assume that p and q are the only factors of the
number N , that is N = p  q. Moreover, we stipulate
that p and q are both odd. For the case of even N one
can easily extract factors 2.







given by 1=N if n and N do not share a common fac-
tor. Otherwise, the common factor cancels in Eq. (12)
and we have b = 1=p or b = 1=q and thus with the














We are now in the position to explain the patterns
in the real and imaginary parts using the classication





have to distinguish three cases: (i) p; q 2 M
1
, (ii)
p; q 2 M
3
and (iii) p 2 M
1
; q 2 M
3
or vice versa.
The cases (i) and (ii) imply N 2 M
1
, whereas (iii)
results in N 2M
3
.
We start our discussion with an example for case
(ii). For N = 21 = 4  5 + 1 = 3  7 both factors
p = 3 = 4  0 + 3 and q = 7 = 4  1 + 3 are elements of
the set M
3
and N 2 M
1
. If n and N do not share a
common factor then b = N and the value of the Gau
sum is real. Otherwise, we can extract a factor and get
b = q or b = p, respectively. Consequently, the value
of the sum is purely imaginary, since p; q 2M
3
. Since
the Jacobi symbol mentioned in Eq. (13) can only take
on 1 the corresponding value of a = n=p or a = n=q
does not change this behavior.
The same arguments hold true for the example N =
15 = 4  3 + 3 2M
3
illustrating case (iii). Indeed, the
factors p = 3 = 40+3 2M
3
and q = 5 = 41+1 2M
1
are not members of the same set. Therefore, if n is
a multiple of p we have b = 5 and thus the sum is
purely real. In all other cases, we have either b = N




The last case (i), not shown in Fig. 2, discusses fac-
tors p, q and N 2 M
1
, resulting in purely real values
of the sum for all n. Unfortunately, in this case we
do not have vanishing values for integers that are not
factors of N .
IV. CONCLUSIONS AND OUTLOOK
The time evolution of a wave packet brings to light
key aspects of number theory. This feature allows us
to nd prime factors p and q of an appropriately en-
coded number N = p q. These properties are intrinsic
to the autocorrelation function, which can be easily
measured. At the heart of this phenomenon lie the
mathematical properties of Gau sums.
Wave packets of the quantum rotor exhibit these
number-theoretical properties in the cleanest form.
The most remarkable result is, that in the case of
p; q 2 M
3
we nd all factors (and its multiples) of
N = p  q in the imaginary part of the autocorrelation
function. All other integers yield a vanishing imagi-
nary part.





) represents the statistics of an
observable
^
O. Thus, each single measurement of
^
O
would provide one factor of N in a non-probabilistic









one factor with high probability.
These insights pave the way to an eective method
of factorizing numbers. The next step is to nd a com-
posite system which (i) intrinsically includes quadratic
phase factors (ii) allows parallel calculation of all pos-
sible factors and (iii) enables us to nd a suitable ob-
servable, which reveals all the information about the
factors in a deterministic way by use of entanglement.
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